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Abstract 



In an abstract Wiener space setting, we construct a rigorous mathematical model of 
I the one-loop approximation of the perturbative Chern-Simons integral, and derive its 

• explicit asymptotic expansion for stochastic Wilson lines. 
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;h ■ 1 Introduction 



Since the pioneering work of Witten [21] in 1989, a multitude of people studied on the 
relationship between the Chern-Simons integral, a formal path integration over an infinite- 
dimensional space of connections, and quantum invariants, new topological invariants of 
three-manifolds and knots (see, for instance, Atiyah [3j and Ohtsuki [20] for overviews of 
recent developments in this area). Amongst others, a rigorous mathematical model of the 
perturbative Chern-Simons integral was constructed by Albeverio and his colleagues; first 
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in the Abelian case as a Fresnel integral [T], and then for the non-Abehan case within the 
framework of white noise distribution [2]. 

Recently, an explicit representation of stochastic oscillatory integrals with quadratic 
phase functions and the formula of changing variables, based on a method of computation 
of probability via "deformation of the contour integration", have been established on 
abstract Wiener spaces by Malliavin and Taniguchi [17J. Motivated by these antecedent 
results, the first-named author studied the Chern-Simons integral, in I19j . from the 
standpoint of infinite dimensional stochastic analysis. 

The main objective of this paper is, based on the work of Bar-Natan and Witten [3] 
and the mathematical formulation of the Feynman integral due to Ito [15], to construct, in 
an abstract Wiener space setting, a rigorous mathematical model of the one-loop approx- 
imation of the perturbative Chern-Simons integral of Wilson lines, and derive its explicit 
asymptotic expansion. 

To state our result succinctly, let M be a compact oriented smooth three-manifold, 
and consider a (trivial) principal G-bundle P over M with a simply connected, connected 
compact simple gauge group G with Lie algebra q. We denote by J7'"(M, g) the space 
of 0- valued smooth r-forms on M equipped with the canonical inner product ( , ), and 
identify a connection on P with a g- valued 1-form A £ Q^{M,q). Let 

Qao = i*dAo + dAo*)J 

be a twisted Dirac operator acting on J7'"(M, g), where * is the Hodge *-operator defined 
by a Riemannian metric chosen on M, d^o is the covariant exterior differentiation defined 
by a flat connection Aq on P, and J is an operator defined to be J<p = —<p if is a 0-form 
or a 3-form, and Jip = ip ip is a 1-form or a 2-form. For a sufficiently large integer p, 
we define the Hilbert subspace Hp{n+) of L'^{^+) = L"^ (0^(M,g) 0^(M,g)) with new 
inner product ( , )p defined by 

{{A, 0), {B, ^))^ = {A, {I + QXf B) + (0, (/ + ^) , 

where I is the identity operator on L^(ri_|_). 

Now, let H = i?p(r2_|_) and {B,H,iJ,) be an abstract Wiener space (see Section [3] for 
the precise definition). Let Aj and Ci, i = 1,2, ... , denote the eigenvalues and eigenvectors 
of the self-adjoint elliptic operator Qaqj ^-iid hi = (l + A?) ^''^ Cj be the corresponding 
CONS of H, respectively. Choosing a sufficiently large p satisfying the condition 

oo 

5^(1 + A2)-^|A,| <oo, 

i=l 

we define the normalized one-loop approximation of the Lorentz gauge-fixed Chern-Simons 
integral of the e-regularized Wilson line F^^{x), defined in Section [U to be 

(1.1) Ics{Fl,) = limsup ^ / FX, (^A^x)ev^'^^^(v^-)^(dx), 

n^oo Jb 

where 

~ oo 

Zn= e^^-^^(v^-V(d^), CS{x) = T{l + Xfy''X,{x,h,f, 
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and ( , ) denotes the natural pairing of B and its dual space B* . 
Then we obtain the following expansion theorem. 



Theorem . For any fixed e > and positive integer N 



(1.2) 



IcsiFX,) = [ 
Je 



m<N 



where 



cs — 




FX^{Rkx)fi{dx), Rk = [-2V^k{l + QX) "Qao} 



1/2 



and F^^{x) is defined by (15.31) . 

The organization of this paper is as follows. In Section [21 we recall relevant basic 
materials and definitions regarding the one-loop approximation of the perturbative Chern- 
Simons integral. Then, in Section [3l we define the notion of a stochastic holonomy, and in 
Section U that of a stochastic Wilson line, which is realized as an HC°°-map on an abstract 
Wiener space. Section [S] is devoted to a rigorous mathematical model of the normalized 
one-loop approximation of the Lorentz gauge-fixed Chern-Simons integral, which leads to 
p.ip defined in an abstract Wiener space setting. Working out this, we then prove our 
main result, the expansion formula ()1.2p . In Section [Gj as an example, we derive linking 
numbers of loops from our expansion formula for the e-regularized Wilson line. 

Throughout the paper, ^/z is understood to denote the branch for which — 7r/2 < 
arg-y/i < 7r/2. 

2 One-loop approximation 

Let M be a compact oriented smooth three-manifold, G a simply connected, connected 
compact simple Lie group, and P — > M a principal G-bundle over M. Since G is simply 
connected, P is a trivial bundle by topological reason, so that, with a choice of a trivial- 
ization of P, we may identify the space of smooth r-forms taking values in the associated 
adjoint bundle -P XAd S with Q'^(M,g), the space of g- valued smooth r-forms on M. 

Let A denote the space of connections on P and Q the group of gauge transformations 
on P. Note that, by fixing a reference connection on P as the origin, we may identify A 
with the (infinite-dimensional) vector space Q^{M,g), and Q with the space C°^{M,G) of 
smooth maps from M to G, respectively. Then the Chern-Simons integral of an integrand 
F{A) is given by 



(2.1) 




where the Lagrangian L is defined by 



(2.2) 
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Here 'D{A) is the Feynman measure integrating over all gauge orbits, that is, over the space 
A/G of equivalence classes of connections modulo gauge transformations, TV denotes the 
trace in the adjoint representation of the Lie algebra g, that is, a multiple of the Killing 
form of g, normalized so that the pairing (X, y) = — Tr XY on g is the basic inner product, 
and the parameter /c is a positive integer called the level of charges. 

Among various integrands, the most typical example of gauge invariant observables is 
the Wilson line defined by 

(2.3) FiA) = flTrR^Vexp [ A, 

j=i -^T^ 

where V denotes the product integral (see [H], or equivalently [7]), jj, j = 1,2, 
are closed oriented loops, and the trace Tr is taken with respect to some irreducible 
representation Rj of G assigned to each jj. It should be noted that the term V exp A 
in ()2.3|) gives rise to the holonomy of A around jj, which is defined to be a solution 
of the parallel transport equation with respect to A along jj. From the standpoint of 
infinite dimensional stochastic analysis, we need to regularize the Wilson line ()2.3p . in a 
manner similar to that in Albeverio and Schafer pLj, to obtain its e-regularization F'^{A) 
(see Section E]). 

We now recall the perturbative formulation of the Chern-Simons integral ^ [5] and 
adopt the method of superfields in the following manner. Let Aq be a critical point of the 
Lagrangian L such that 

dAo + AoAAo = 0, 

that is, ^0 is a fiat connection. For simplicity, we assume as in [H |^ that Aq is isolated 
up to gauge transformations and that the group of gauge transformations fixing is 
discrete, or equivalently the cohomology H*{M,dAf^) of vanishes, that is, 

(2.4) H\M,dA,) = {0}, H'{M,dA,)={0}, 

where dA^ is the covariant exterior differentialtion acting on ^}^'{M,q), defined by 

dA„ = d + [Aq, ■ ]. 

Here the bracket [A, B] of ^ = ^ A° ® E„ G fl"-^ (M, g) and S = ^ ® e Q"-^ (M, g) 
is defined to be 

[A,B] =^ A" A 3(^0 [Eo,,Ep] G J^'^^+^H^, fl), 

a, 13 

where {Ea} is a basis of the Lie algebra g. 

Then, for the standard gauge fixing, following [HE], we introduce a Bosonic 3- form (j), 
a Fermionic 0-form c, a Fermionic 3-form c, which are g-valued smooth forms on M, and 
the BRS operator 5. The BRS operator 6 is defined by the laws 

6A = —Dac, 6c = -[c,c], 5c = \/— 1</>, 5(f> = 0, 
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where Da = c^Ao + [^j " ]• order to define the Lorentz gauge condition, we now choose 
a Riemannian metric g on M and denote by * : J7''(M, g) — > Q'^~^{M,q) the Hodge *- 
operator defined by g, which satisfies *^ = id. Then the Lorentz gauge condition is given 
by 

(2.5) (dAo)M = 0, 

where (dAo)* = ("l)*" * c^Ao* denotes the adjoint operator of dAo- We set 

V{A) = ^ [ TT{c*dAo*A), 

Jm 

and define the gauge-fixed Lagrangian of (j2.2p by 

L{Ao + A)-6V{A), 

where 5V{A) is given by 

6ViA) = A /" Tr {y/^cP *dAo*A-c*dAo* Dac) . 
Jm 

Noting that around the critical point Aq of L, L{Aq + A) is expanded as 



L{Ao + A) = LiAo) 



Ik 



An 



Tt \AAdAoA + - AaAaaX, 
A/ I 3 J 



this leads to the gauge-fixed Chern-Simons integral written as 

/ / / [v{A)V{c^)V{c)V{c)F{Ao + A) 
J A J<i> Jc JC 

L{Ao) - 



(2.6) 



X exp 



/ Tr <^ ^ A dA^A + -A AAA A 

4vr Jm I 3 



2(j)* dAo * A + 2\/^ c * dAo * Dac^ 



Geometrically, one can derive (|2.6p in the following way. First recall that the tangent 
space TaqA = r2^(M, g) of the space of connections A at Aq is decomposed as 

TaqA = ImdAo ® Ker (c^Aq)*, 

since for each c G Q,^{M,q) we have {d/dt)\t=o {exptc)*A = dAC. Thus the Lorentz gauge 
condition ()2.5p corresponds to the choice of the orthogonal complement of the tangent 
space to the gauge orbit through ^o- Under the assumption (j2.4p we may think that the 
Lorentz gauge condition (dAo)* A = has a unique solution on each gauge orbit of G. Then, 
denoting by det J'(yl) the Jacobian of the transformation Q B g (^^Aq)* (5*(^o + ^)) S 
Q^{M, q) at the identity element of ^, we obtain the following basic identity for the Chern- 
Simons integral (j2.ip : 



( 



2.7) / F{A)e^^^'>V{A) = [ V{A) F{A) e^^^U {{dA.TA) detJ{A), 

JA/g J A 
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where 6 denotes the Dirac delta function. Here it should be noted that the term 5 {{cIao)*^) 
can be read into the Lagrangian in the form 



'D{(j)) exp 
and the term detJ{A) in the form 

V{c)V{c) exp 



Ic Ic 



-1 / TrlidAoTA-c^}] , 

J M 

[ Tvic-idAoTDAc} 
JM 



where c and c should be understood as Grassmann (anti-commuting) variables (cf. [22]). 
Encoding these contributions into (12. 7p . and taking account of the fact that, when deriving 
the identity (|2.7|) . the Lorentz gauge condition (|2.5|) may be replaced by 

for any non-zero constant k £ C, we obtain (|2.6|) . by choosing k = —k/2ii. 

Now, noticing that likewise one may simply substitute 6 {k (d^o)*^) for 5 {[dAo)*A) in 
(f271) . we set 

A' = ^/1/2ttA, (\> = x/l/27r(/) and c = \/k/2-Kc, c = *^/k/2-Kc 

in ()2.6p . and collect the terms that are at most second order in A'^cp'^d and c'. In the 
result, we obtain the following Lorentz gauge- fixed path integral form of the one-loop 
approximation of the Chern-Simons integral, written in variables c',c' and {A' , (j)'): 



(2i 



A' J^' JC JC 



V{A')V{<p')V{(^)V{d) F{Ao + A') 



X exp 



L{Ao) + Qao{A',^')) + (c', Aoc') 



(see HE] for details). Here we denote by ( , )+ the inner product of the Hilbert space 
L2(Q+) = l2 {n^{M,g)(Bn^{M,Q)) given by 



where the inner product and the norm on ^}^(M,q) are defined by 

(2.9) (u;,r]) = - [ Tru;A*7?, | • | = V( • , •)• 

Jm 

Furthermore, Qaq is a twisted Dirac operator defined by 

(2.10) Qao = i*dAo+dAo*)J, 

where J(p = —ip if (/? is a 0-form or a 3-form, and Jip = (/? if (/? is a 1-form or a 2-form. 
It should be noted that Qaq is a self-adjoint elliptic operator, and Aq = {dAo)*dAo is the 
Laplacian acting on Q^{M,q). 
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Finally, balancing out the contributions coming of the term L{Aq) as well as the Fermi 
integral 

/ / P(c')P(c')e('^''^«^'), 
Jc' Jc 

we arrive at, from (|2.8p . the normalized one-loop approximation of the Lorentz gauge-fixed 
Chern-Simons integral: 

(2.11) i// F{Ao + A)exv[^/^k{{AA),QAMA))+]nA)V{<t>), 

where 

Z= / / exp [^A; ((A Qao(A </>))+] ^(^)^('/>)• 
Jy^lJ$ 

Our primary objective is to give a rigorous mathematical meaning to this normalized 
one-loop approximation of the perturbative Chern-Simons integral ()2.1ip . 



3 Stochastic holonomy 

To handle the integral (|2.11|) in an abstract Wiener space setting, we need to extend the 
holonomy of a smooth connection A around a closed oriented loop 7, 

T'exp / A, 

to a rough connection A. To this end we regularize the Wilson line in a manner similar 
to that in [1], which is suitable for our abstract Wiener space setting. 

As in the previous section, let M be a compact oriented smooth three-manifold, G a 
simply connected, connected compact simple Lie group with Lie algebra g, and P ^ M a 
principal G-bundle over M. Let A be the space of connections on P, which is identified 
with n^{M,Q), the space of g-valued smooth 1-forms on M, and denote by {Eq.}, 1 < a < 
d, a given basis of g. Let 7 : [0, 1] 9 r 1— > 7(r) € M be a closed smooth curve in M, and 
set 7[s,t] = {7(t) \ s <t <t}. We regard "y[s,t] as a linear functional 

{l[s,t])[A]= [ A= f A{j{T))dT, AeA 

defined on the vector space A. Then ^[s,t] is continuous in the sense of distribution and 
hence defines a (g-valued) de Rham current of degree two. 

To recall the regularization of currents, we first consider the case where 7 is a closed 
smooth curve in and A is a g-valued smooth 1-form with compact support defined 
on R^. Let (j) be a non-negative smooth function on R^ such that the support of is 
contained in the unit ball with center G R^ and 

(p{x)dx = 1. 

Then define (peix) = e~'^4){x/e) for each e > 0. If we write 

^ = ^ A" = ^ A" dx' E^, 7(r) = fir) 

a i,a i ^ ^ i{t) 
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for given A and 7, then we have 



(3.1) 

and 

(3.2) 



hm sup 

S<T<t 



[ Ai"{x)Mx-l{r))dx-Ai''{^{T)) 
Jb? 



0, 



i=l 



Ai^{x)<l),Xx-^{T))dx]^\T)dT 



<ci(e)P°||^2(H3)|t-s|. 



Here and in what follows, we denote by Cfc(*) a constant depending on the quantity ★ and 
simply write whenever no confusion may occur. 

Now, according to de Rham [TU], the regulator of the current 7[s,t] is defined by 



(7^,7[5,^])[^] = (7[s,^])[7^:A] 

3 rt 



E 

i=l 
3 

E 

i=l 



^i"(7(T) + y)Uy)dy i\r)dT E, 



Ai''{x)Mx - 7{T))dx f{T)dT E, 



to which is associated an operator defined by 
(A7[i>,«l)[Bl = (7[»,t|)WB| 



E 



R^ 



y'B,,''{j{T) + ty)dt Uy)dy {r)dT ® E, 



where B = Bij" dx'^ A dx^ (8) Ea is a g-valued smooth 2-form with compact support 
on R!^. Then we have the following relation between the operators TZ^ and Ae, which is 
known as the homotopy formula (see [10^ §15] for details). 

Proposition 1. For each e > 0, TZ^jlsjt] and Ae^[s,t] are currents whose supports are 
contained in the e-tubular neighborhood 0/7(5, t], and satisfy 

n,j[s,t]--f[s,t]=dAe7[s,t]+Aedj[s,t], 

where d is the boundary operator of currents. 

As in l^lOj, the above construction of regularization generalizes to our case in the 
following manner. First take a diffeomorphism h of B? onto the unit ball with center 
which coincides with the identity on the ball of radius 1/3 with center 0. Denote by Sy 
the translation Sy{x) = x + y and let Sy be the map of B? onto itself which coincides with 
ho SyO h~^ on B^ and with the identity at all other points, that is. 



Sy{x) 



ho SyO h^^[x) if X e B^, 
X if X B^. 
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Note that with a suitable choice of h we may make Sy to be a diffeomorphism. Then 
define TZe^[s,t] and A^^[s,t] by the same equations above, but now replacing 7(r) + y 
and 7(r) + ty with Sy(7(T)) and Sty{'y{T)), respectively. 

Now, let {Ui} be a finite open covering of M such that each Ui is diffeomorphic to the 
unit ball via a diffeomorphism /ij, which can be extended to some neighborhoods of 
the closures of Ui and of B^. Using these diffeomorphisms, we transport the transformed 
operators T^.^ and defined on to M. Indeed, let / be a cutoff function which 
has its support in the neighborhood of the closure of Ui and is equal to 1 on U. Set 
T = 7[s,t] for simplicity. Then T' = fT is a current which has its support contained in 
the neighborhood of the closure of U, and hiT' is a current which has its support contained 
in the neighborhood of the closure of B^. Note that the support of T" = T — T' does not 
meet the closure of Ui. We define 

7^*T = /iri oTleO hiT' + T", A^T = hr^ oAeO hiT' 

and set inductively 

■j^(k)rj. = 7^l o 7^2 o . . . o n^^T, Af^T = n\oTzlo-- - o n^~^ o a^,t. 

Then TZ^T and AeT are obtained to be 

N 

n,T = 7^(^) T, AeT = Y^ Ai''^ T, 

k=l 

where is the number of open sets in {Ui}. 

The construction of the operators TZ^ and Ae are easily generalized to any current 
T defined on a compact smooth manifold of arbitrary dimension. We remark that the 
following properties hold for regularization of currents. 

Proposition 2 ([lOj). Let M be a compact smooth manifold. Then for each e > there 
exist linear operators TZ^ and Ae acting on the space of de Rham currents with the following 
properties: 

(1) If T is a current, then IZ^T and AeT are also currents and satisfy 

TZeT -T = dAeT + AedT. 

(2) The supports of TZeT and AeT are contained in an arbitrary given neighborhood of 
the support of T provided that e is sufficiently small. 

(3) TZeT is a smooth form. 

(4) For all smooth forms ip we have 

TZeT[ip] T[ip] and AeT[ip] 

as e — > 0. 

Given a closed smooth curve 7 : [0, 1] M in M, for each t € [0, 1] and sufficiently 
small e > we consider a smooth current associated to 7[0,f] defined by 



= *7^,7[o,^], 
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where * is the Hodge *-operator defined by a Riemannian metric chosen on M, and write 
C^ii) = Y^C^{t)"^Ea. Let U-y be a tubular neighborhood of 7[0,1] in M and j : ^ M 
denote the inclusion. Then 

/(*q(^))=/(7^,7[o,^]) 

is a g- valued smooth 2-form on f/^ and has a compact support in from Proposition [21 
In particular, for t = 1 we see that 

(*q(i)) = 4?•*(7^e7[o, 1]) = i*d(7^e7[o, i]) = -fn^o, i]) = o, 

since 5(7[0,1]) = 0. 

As a result, each j* {*C^{1)°') determines a cohomology class [j*(*C^(l)°)] G H'^{U^) 
in the second de Rham cohomology of with compact support. Indeed, by virtue of 
Proposition [2](1), it is not hard to see that 

/ a;Ar(*q(in= / i*u; 

holds for any [uj] G H^{U^), where i : 7[0, 1] denotes the inclusion. Namely, we have 

Proposition 3 ([Ij). [j*{*C^{l)°')] G H'^{Uy) is the compact Poincare dual of j in 
for each a = 1,2, 3. 

Recalling the construction of regulators of currents and noting (j3.ip and (j3.2p , it is not 
hard to see that we have 

lim sup 

<^^o 0<t<l 



Ai^ix)Mx - ^{T))dx - Ai"(7(T)) f (r)dT 



M 



(3.3) 

and 

(3.4) 

where 



7[0,s] 



< C2{A)\t-s\ 



|q(t)-q(s)| <ci(e)|t-s|, 
on the left side of ()3.4p is the norm defined in ()2.9p . 



Now, in order to extend the holonomy to a rough connection A, for a non-negative 
integer p, let Hp{n+) denote the Hilbert subspace of L'^{n+) = L"^ {n^{M,g) © n^{M,Q)) 
with new inner product ( , )p defined by 



(3.5) 



((A<A), {B,^))^=(^{A,ct>), {l + Q\f{B,^) 
= {A, {I + QXYb) + { 



Here / is the identity operator on L/^Q^), and the p-norm on Hp{^}^) is defined as usual 
by II • lip = Y^( • , ■)p. Henceforth we denote Hp{^l^) briefiy by Hp whenever no confusion 
may occur. 



Asymptotic Expansion of the Chern-Sinions Integral 



11 



Then the holonomy for a smooth connection A is extended to the stochastic holonomy 
of {A,(j)) G Hp in the fohowing manner. Since 

{A, = [{A,<p), (/ + QiJ-^(q(t),o) 

by setting 

(3.6) q(t) = (/ + QiJ'^(q(t),o), 

we obtain from ()3.4p that 

(3.7) ||q(t)_q(,)||^<ci(e)|f-s|. 
Given [A, (p) £ Hp, we now write 

d 

(3.8) A^t) = {(AA), &,{tr®E^)^E, 

a=l 

where C'{t) = C^{t)°' ® and define 



P 



A{t) = [ A. 

J-YlO.t] 



With these understood, recah that for the holonomy for a smooth connection A around 
Aq, it fohows from (13. Sp that, in terms of the product integral or Chen's iterated integral 
(see Theorem 4.3 of [TT[ p. 31] and also [Tj), it is given by 



P exp / Ao + A 

(3-9) oo 1 ti rtr-l 

= ^ + E// ••• / d{Ao + A){ti)d{Ao + A){t2)---d{Ao + A){tr), 
Jo Jo Jo 

where < t^-i < • • • < < = 1- Then, noting (|3.7p . for each {A,(j)) G Hp we define 
the e-regularization of the holonomy by 

oo 

(3.10) W;{A) = I + J2w^''^iA), 

r=l 

where 

W^'^^iA) = C r ■■■ d{Ao + Al^){ti)d{Ao + Al^){t2) ■ ■ ■ d{Ao + A;)(t,), 
Jo Jo Jo 

and the e-regularized Wilson line by 

s 

(3.11) FX,{A) = 1[Ttr^W;^{A), 

i=i 

where the trace Tr is taken in the irreducible representation Rj of G assigned to each 7j. 
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4 Stochastic Wilson line 

We now proceed to extend the e-regularized Wilson line F^^{A) in ()3.1ip even to an 
abstract Wiener space setting. To this end, let M and G be as in Section [3l and denote by 
Hp{n+) the Hilbert subspace of L'^{^+) = (O^(M,0) n^{M,g)) with inner product 
( , )p defined by ()3.5p . Then set H = Hp{i^+) and let {B,H,ij,) be an abstract Wiener 
space such that /i is a Gaussian measure satisfying 

Jb 

for each B* . Here is a real separable Banach space in which the separable Hilbert 
space H is continuously and densely imbedded, ( , ) denotes the natural pairing of B and 
its dual space B*, and B* is considered as B* d H under the usual identification of H 
with H* (cf. [IT]). 

We first note that the twisted Dirac operator Qaq of ()2.10p has pure point spectrum, 
since Qaq is a self-adjoint elliptic operator (cf. [13]). Thus let 

Ci = (Cj ) )) i = 1, 2, . . . , 

be the eigenvalues and eigenvectors of Qao- Recall that by our assumption (12. 4p the 
eigenvectors {cj} form a CONS (complete orthonormal system) of L^(f2_|_). If we define 

h, = {l + \])-'''\,, J = 1,2,..., 

then the set {/ij} gives rise to a CONS of Hp^ so that the increasing rate of the eigenvalues 
of Qaq guarantees the nuclearity of the system of semi-norms || • ||q, g = 1, 2, . . . (see, for 
instance, Lemma 1.6.3 (c) in |13j). Hence there exists some integer pQ independent of p 
such that B is realized as H-p^p^ (cf. [I2]), where H^q is the dual space of Hq. If we 
choose a sufficiently large p such that p > po and 

oo 

5^(1 + A2)-^|A,| <oo, 

i=l 

if neccesary, then we see from (|3.6p that 

C^{t) G i^p+po = 

In what follows we take this suitable space as B throughout the paper. 
According to (13. 8|) . for each e > and x £ B, we define 

d 

x^t) = Y,{x, &^{tr ® E^)E^, 

a=l 

where {-Eq}, 1 < a < d, is a basis of the Lie algebra 5, and briefly denote 

xl'"(t) = (x, CUtr^E^), 
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which is a Gaussian random variable such that 

(4.1) E[x:;''{tf]=\\C'^{tr<S)E, 

Since it follows from (13.71) that 



(4.2) 



|xi'"(t)-xl'"(s)| <ci(e)||x||B|t-s| 



the Lebesgue-Stieltjes integral 



Jo „=iio 



is well-defined. Hence, according to (j3.1U|) . for each e > we define the e-regularized 
stochastic holonomy for x G i? by 



(4.3) 
where 



W;{x) = I + Y,W^/{^). 



r=l 



W'/{x) 



fl" 

'0 Jo 



tr-1 



diAo + x'^){ti)d{Ao + x;)(t2) • • • diAo + x'^){tr). 
Then the e-regularized Wilson line for x £ B (cf. [Ij) is given by 

s 

(4.4) FX^{x) = l{TTn^W^x). 

i=i 

Now, we will see the well-definedness, the smoothness in ff-Frechet differentiation and 
the integrability of the e-regularized Wilson line F^^{x) as an analytic function in the 
sense of Malliavin and Taniguchi [TTj. Indeed, in the representation Rj of G assigned to 
each loop 7j, if we define for a given basis {E^} of q and an n x n matrix A = (aij), 



ce = max ll-Eall, 

l<a<d 



\A\\ 



then we have the following 



Lemma 1. For e > and x £ B, define the e-regularizations W^{x) and F|^j(x) by (|4.3|) 
and (14. 4|) . respectively. Then the following hold. 

(1) W^{x) is well defined and C°° in H-Frechet differentiation. 

(2) For any positive integer q we have 



E 



\w;{x) 



|2g 



< CXD. 



(3) For any positive integer q and positive number s we have 



y-E 



k=0 



\\D''W;ix)ihi„hi„...,h,^)\ 



, Jl,?.2,...,«fc 



l/2q 



< OO 
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and 



OO I, 

F 



k=0 



. »l,«2,...,4fc 



l/2g 



< OO. 



Proof. First we prove (1). It follows from ()3.3p and ()4.2p that for any t > we have 



dAo 



< CTC2(Ao)t, 



dxUr) 



< aci{e) \\x\\b t, 



where a = d ■ ce- Then it is not hard to see that for x £ B 



\w;{x) 



OO 



r=0 



1 pt\ ptf—\ 



JO Jo 



d{Ao + x'){ti)d{Ao + 4)(t2) • • • d{Ao + 



(4.5) 



<X] (^(^2(^0) + Cl(e)||x||B)f / /"'•••/'' ' dtidt2---dtr 



r=0 

OO 

<Y{a{c2{Ao) + c,{e)\\x\\B)r/' 

r=0 

_ ^CT(c2(Ao)+Ci(t)\\x\\B) 



JO 



which implies the well-definedness of W^{x). 

To see the smoothness of W^{x) in ff-Frechet differentiation, we first note that for 
he H 

DW^{x){h) = lim {W^{x + sh) - W^{x)} /s 



s^O 

1 OO C /.I pti ptr-l 



+ (x + shY ){ti) ■ ■ ■ d{Ao + (x + shy )itr) 



1 fti ft 



d{Ao + x;)(ti) • • • d{Ao + x'^)itr) } . 



10 Jo Jo 

Then, in a manner similar to the previous estimate, we have for |s| < 1 

rt, — 1 



d{Ao + (x + sh%){ti) ■ ■ ■ d{Ao + (x + 



1 /'£i f^tj-—.\ 



JO 



d{AQ + xV){ti) ■ ■ ■ d{Ao + x'){tr 



< 



E E / ^(^0 + • • • d{Ao + x;)(t^_i) 

• d/il(t^)(i(Ao + (x + s/i)l)(t^+i) • • • + (x + sh)'){tr) 
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<EE^'(^2(^0) + Cl(6)||x||Br-^ 
r=l m=l 

X ciie)\\h\\B (c2(Ao) + ci{e){\\x\\B + /r! 

oo 

< (c2(Ao) + c,{e){\\x\\B + Mb})'-' c,{e)\\h\\B/{r - 1)! 

r=l 

= CTCi(e)||/i||ije'^("2(Ao)+ci(e)(||x||fl+||h||fl)) ^ ^_ 

This, together with Lebesgue's convergence theorem, impUes that W^{x) is //-Frechet 
differ entiable. Repeating this argument, we then obtain that W^{x) is C°° in //-Frechet 
differentiation. 

For the proof of (2) we recall the following lemma due to Fernique (see |16]). 
Lemma 2. There exists 5 > such that 



[ e'^ll^lls/^(dx) < oo. 
Jb 



Then it follows from ()4.5p that 

E 



< E 



„2g(T(c2(Ao)+ci(e)||a;||s) 



which together with Lemma [2] shows (2) of Lemma [H 

Before proceeding to the proof of (3), we remark the following 

Lemma 3. Let q be a positive integer and Xij, i, j = 1,2, . . . , be real numbers. Then 



2q 



< 



E(El-^'..l 



\2q 



l/2g 



2q 



Proof of Lemma O Note that 



2q 



*J2 I 



and by using Holder's inequality recursively we have 
Y2 I \ -^iJ2 1 ■ ■ ■ |"^«. 



< 



< 



|2g 



• J2q 

l/2q 
l/2q 





x2g/(2g-l)N 


\-^i,j2 1 ■ 





|2<7 



l/2q 



N 2g/(2g-2)x (2<i,-2)/2<7 



and so on. 
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Hence we obtain 



i jl,j'2,---,j2 



J2q 



« 3 



< 



3l,j2,-,32q « 

E (El 

jl,j2,--;j2q i 



|2g 



SJ2 I 



l/2g 



E 



\2q 



l/2q 



(E 



|2g 



« J25 1 



l/2g 



1/25, 



2q 



\ 3 1 / 

which completes the proof of Lemma [3l 

Now we proceed to proving (3) of Lemma [TJ Noting that 

J2 \\D''w;ix){h,„h,„...,hi^)\f 

h,i2,---,ik 



^ E (EII^'^7'(^)(^^i'^*2,---,/i.j||) , 

and by making use of Lemma [3] recursively, it is immediate to see that the right side of 
the above inequality is dominated by 



J2[ E \\D'w;''ix){h.,,h 

.r=k 11,12, ■■■,ik 



121 • • • 1 ^ik ) 



1/2 



Let us denote for simplicity 



E 



by 



l<«i<«2<---<«fc<r', 

{iai)ja2),...,ifc)}={i,2,...,fc} 



E 

ll,l2,...,lk 



Then, employing Lemma [3] again, we see that 
\\D''W^''-{x){h„h„...,hC"' 



ll,l2,...,lk 



E 



«l,i2,...,2fc 



h,l2,...,lk ° 



, {t 



diAo + x')itr 



< 



E hfe E E 

ii,i2,...,ik \ h,h,--;lk ai,a2v,ar=l 
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where we write C^'"(t) = C;^(t)'^ for simplicity. 
Noticing that, for example, 



2\ 1/2^ 



E 



m^oo ^ ^ \ J ! In 

t=0 ''^ 



2\ 1/2^ 



< hm J] ||q'-(n+i)-q'°(ri)|| 

\ m^oo — ' II ' ' iij 

\ t=0 

< (^ci(e)(c2(Ao) + ci(e)||x||B) ^ ^ d^jd-u;^ 

we obtain as in the proof of (|4.5|) that 

\\D''W^''\x){h,„h„...,hi,)f 



r! 



(c2(Ao) + ci(e)||x||B)'"'ci(6)^ 

t,._l 



(r- A:)! 

Jo 



JO 

I 



< a' 



ky.ri 



dti ■ --dti^^i ■ --dti^ 



(c2(^o)+ci(e)||x||B)^-'ci(6^'= 



■ dtr 
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Hence, noting that 



oo 



r=k 



00 ^ 

Y^a^'-^'^-{c2{Ao)+c,{e)\\x\\Brc,{e) 



r=Q 



((TCi(e))'^ e'^(c2{Ao)+ci(e)||a;||fl)^ 



we see with Lemma [2] that 



00 I, 



k=0 



1 i/2g 



\\D''W^{x){h„hi„...,hi^)\ 



, ll,l2,...,lk 



00 !U 



fc=0 



„2q<T{c2(Ao)+Ci(e)||x||i3) 



l/2g 



< 00, 



which verifies the first part of (3). 

By a similar argument we can also obtain the second half of (3), so is omitted the 
detail. □ 



5 Definition and Expansion theorem 

The aim of this section is to give a rigorous mathematical meaning, in an abstract Wiener 
space setting, to the normalized one-loop approximation of the Lorentz gauge-fixed Chern- 
Simons integral (|2.11|) . We keep the notation in Section [H 

First, recah that for each x = {A, 4>) G = L'^{Q^ © fi^) we have 

00 00 
{x,Qaox)+ = ^Xi{x,ei)l = ^[l + Xj) ^ Xj{x,hj)l. 
i=i j=i 

Then, adopting an idea due to Ito [l5], we implement convergent factors 

(x, x) 



exp 



2n 



with n > 



into each finite dimensional approximation of ^^(17+). This leads us to the following 
m-dimensional approximation of ()2.1ip written as 



lim 



■'m,n J H' 



-Ik {x,Qx)m,^ 



(x, x)f 
2n 



fim{dx) 



2^y 



where is the m-dimensional Lebesgue measure, 



— ^ ^ ■^j > Qx^m,+ — ^ ^ (1 ~l~ Xj^ XjXj, (x,: 

i=i i=i 
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and 



- / 



exp 



-lk{x,Qx)m,-\ 



{x,x)„ 
2n 



IJLm{dx) 



Note that, by setting x = \/ny^ this can be rewritten in the form 
1 



hm 

n— >oo Z. 



m.n J ii' 



1 



■ exp 



where 



Zn 



exp [\^k{^/ny, Q^/ny)m,A 



■ exp 



{y,y)r 



fj-midy). 



We then consider 



(5.1) 



hm hm — 

n^oo m^oo Zjn „ 



R" 



FAoiVnym) exp [^/^k(^/ny, Qy/ny)^ 



exp 



{y,y)y 



IJ-midy). 



However, the canonical Gaussian measure cannot be defined on the Hilbert space L^(17 



so that we are going to achieve a realization of (jS.ip in an abstract Wiener space setting. 

Thus, let H = Hp and {B, H, ^) the abstract Wiener space described in Section [H 
Then, within this framework, we now define the normalized one-loop approximation of the 
perturbative Chern-Simons integral of the e-regularized Wilson line to be 



(5.2) Ics{FX,) = limsup ^ / Fl„ {V^x)e^ 

where 



^{dx) 



Kdx), 



and 



CSix) = {x, (I + Qij ^QaoX> = 5](1 + A2) ''X,{x,h,f, 
limsup(a;n + V—^yn) = limsupx„ + \/— T limsup y„ 



for real numbers x„ and y^- 
Given e > 0, we also set 



(0) = /, 



E 



l<ll<l2<-<li<r 



dAo{ti 



dxUti^] 



ti,-i 



dxUtk) 



tr-l 



dAoitr] 
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and 

oo 
r=i 

It should be noted that 

W^'^ix) = C r ■■■ d{Ao + x'^){h)d{Ao + x;)(t2) • • • d{Ao + x'^){tr) 
Jo Jo Jo 

i=0 

which combined with ()4.3p yields 



oo 



w;{x) = i + Y,w:,'''{x) = Y,z: 

Thus we define 



7 

r=l 1=0 



(5-3) i^ir(^)= E 

il+i2A \-is=m j=l 

and set 

— 1 /2 

(5.4) = {/ - 2V^nk{l + QiJ-^QA.} V^^- 

Then, by applying the formula due to Malliavin and Taniguchi [17\ Theorem 7.8], we 
obtain the following expansion theorem. 

Theorem 1. For any fixed e > and positive integer N, 

-^C5(^lo) = limsup / FX^^{Rn^kx)fJ,idx) = / FX^^{Rkx) fi{dx) 

n^oo Jb Jb 

where 

(5.5) R^ = ^-2V^k{l + Q%yQAo} , 
and 

J^- = fcW2. f F^^;;{R,x)f^{dx). 
Proof. Step 1. By making use of the so-called Fresnel integral formula 
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separately, we obtain 



-1/2 



det{l-2^/^nk{l + Q\^) ^Qao} 
Also, it follows from (13. 7p that 

||^(q(t)-q(s))||^<c3(e)|t-s|. 

Hence, by mimicing the proof of (3) of LemmalU we see that for any sufficiently small fixed 
e > 0, the same inequalities in the course of the proof hold with W^{x) being replaced by 
W^{^/nx). This, together with (1) of LemmalU then yields that 



OO I, 

k=0 



\D^FX^^{V^x)ihi„hi„...,h,^)\ 



l/2g 



< OO 



for any positive number s, implying the analyticity of F^^{y/nx). 

Therefore, we can apply the formula of Malliavin-Taniguchi |17^ Theorem 7.8] to the 
right side of (|5.2|) to obtain, for any sufficiently small fixed e > 0, that 



-fc5(^lo) = limsup / F%^[Rn,kx)li{dx). 

n^co J B 



(5.6) 



Step 2. In order to determine the limit in (15. 6p . we first note that for any positive 
integer q we have 



(5.7) 



E 



\W^{Rn,kx) 



1 2(7 



< OO. 



To see this and for later use as well, we now carry out a more precise estimate than that 
of proving (2) of Lemma [1] in the following way. 

For the twisted Dirac operator Qaq-, we define ^, 6^ ^ G by 



n 



where Xj are eigenvalues of Qaq as above. Then we set 

OO 

RlA^tr ® E^ = Y^ai,{c^tr ® e^, h,)h,, 

OO 

3=1 

Note that, for each x £ B and t £ [0, 1], the operator Rn^k defined by ([5 
an element 



gives rise to 



(5.8) 



Rn,kxt,it) = ^(x, Rn,kC'^{tr E^)E, 



a=l 
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in the complexification of g, where Rn.kC^{t)°' ® is defined by 

For convenience we denote the accompanying Gaussian random variables by 

(5.9) Rlk^Tit) = I^lAitr ® E^), Rlk^l^'^it) = {x, Rlk&,{tr ® E^) 

and set 

Rn "(0 = R 

""(t) + ^/^Rl,,xl|°'{t). 

Now, noting that 

d{Ao + Rn,kx'){h)d{Ao + Rn,kX')it2) ■ ■ ■ d{Ao + Rn,kX'){tr) 



JO 



E E 

■m=0 l<h</2<--</m<»' 



dAo(ti) 



dRn,kX%{t, 



Hi)--- 



dRn,kX'^itiJ 



(i^o(ir), 



we obtain, by the same reasoning as in Lemma El that for any positive integer q and x £ B 
(5.10) 

1 291 



E 



\\w:,{Rn,kx) 

< E 



oo r 



EE E E 

r=0 m=0 l<li<l2<---<lm.<r ai,a2,...,ar=l 



dA^^h] 



dRn,kX^^°''^ (tl^) 









' dRn,kxT^ {tlj- 


- dA^^itr) 






Jo 





< E 



oo r 



EE E E 

, r=0 m=0 l<h<l2<---<lra<r, ai,a2,...,ar=l 

Ul,V2,---,Vm<^{l,2} 



dA"^^ {t 



dR2^xT'-{ti,)^ 









'dR::,xr-{tij- 






Jo 





oo r 



< 



EE E E 

, r=0 m=0 l<li<l2<---<lm<r, oi,02,.--,"r=l 

Ul,U2,...,l^m&{l,2} 



dA^^ih) 



h,-l 



dRZ^T'Htii) 







2q 




'dR^-xT'-itiJ- 






l/2q ^^ 2q 


Jo 







To estimate the right side of ()5.10p . let Sj, i = 0, 1, . . . , r, be non-negative integers and 



set 



4.^1 



if = 0, 
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with tg" = 1. Also, write for brevity 



Then it foUows from an estimate similar to that of (2) of Lemma[T]together with Lebesgue's 
convergence theorem that 



E 



dA^^it 



dRZk^THti,) 



2q 



l/2g 



lim E 

ni,...,n,.— >oo 



2"i-l 



l/2g 



< C2{Aq] 



'■-"^ hm E 

ni,...,nr— >oo 



Si=0 S;^=0 

2"-'m-l 2"'--l 2q' 

S;„=0 Sr=0 

2"1-1 2"r-l 
si=0 s,.=0 



2q 



Ipi^m '^."imr 1 I ... If 



Sr + 1 



l/2<7 



which is, by the same reasoning as in Lemma [3l dominated by 
(5.11) 



211-1 2"''-l 



c2(vior"^ lim E ••• E 

ni ,...,n,.— >oo ^—^ ^— ' 



Sl=0 Sr = 



tl'\---Kk^T''[si.]\---\K7^r-[siJ\---\t. 



fSr + 1 



2q 



l/2q 



Furthermore, for the Gaussian random variables (|5.9p . we see from (|3.7|) and (|4.1|) that 
for = 1,2 



E ( K;^ K,k) C',{sr ® E^, h,)^ 



oo 
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where we set 



p = mill |Aj| > 0. 
j 



Now we recall the following well-known lemma (see [H]). 
Lemma 4. Let Xi, i = 1,2, ... ,21, be a mean-zero Gaussian system. Then 

E[XiX2 • • • X21] 

= 2^ ^[^^(l)^<x{2)]-S[^<7{3)^a(4)] •••^[^a(2«-l)^<T{2/)], 

' 0-662; 

where &21 denotes the group of permutations of {1,2, . . . ,21}. 
Then it follows from (I5.12|) together with Lemma H] that 

2g" 



E 



< 



{2qm)\{ci{e) / y/2kp 



1 2qm 



2Q^[qm)\ 

from which we see that (I5.1ip is then dominated by 

{{2qm)l{c^{e)/^pf'''^y"' 



2"i_l 2"'--l 



C2{Aq) 



hm y y {■ 

si=0 s,.=0 I 



2i'^{qm)\ 



1 1 * ' ' T' 

l/2g ^1 ft^ .tr- 



(5.13) 



< c2iAoy 



ci(e)\™ r (2gm)! 



2k p J \2'?'"(^m)! 
^/2q \fm\ 



JO 



dt\dt2 ■ ■ ■ dtr 



/2kpJ rl 



since {qm)] < {m\q"^y, where 04(^0) = max{c2(Ao), ci(e)}. 

Consequently, summing up these estimates and denoting a = d ■ ce, obtain 



E 



W;{Rn,kX)f < j;(cTC4(^o))'5^rCm 2 



(5.14) 



, r=0 



m=0 



1 



2q 



|f.(.„)(i..;x)}'_Ly'< 



00 



with the bound being independent of n. 

Step 3. Since B* is dense in H, for each h £ H, there is a sequence {Cn}^i of elements 
in B* such that lim„_^oo ||^~Cn||p = 0. As is well-known, ( • , ^n) then converges to { ■ , h) 
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in L^{B, R; /i) as n — > oo. Hence, taking a subsequence if necessary, we may assume that 
(x, ^n) converges to {x, h) for ^-almost every x £ B. Then we define for x £ B and h £ H 

(5.15) {x,h) 



lim {x, ^n) if it exists, 

ra— >oo 

otherwise, 



as usual. 

It should be noted that, given ^ £ B* , the operator Rk defined by ()5.5p takes ^ into 
H; not into B* in general. This leads us to define, by virtue of (j5.15p . elements in the 
complexification of g, associated with x £ B and C^{t) £ B* , hy 



a=l 

and the accompanying Gaussian random variables 

Rlxl;°it) = {x, Rl&^{tY ® Ea), Rlx'^'^it) = {x, RlC'^{tY ® E^) 

in a manner similar to that in defining Rn^kX^{t) and i?^ ^x^'"(t), i?^ k^^-r^'i't) in (15. 8p and 
(j5.9p . respectively. Then it is immediate from (|5.12p that we have 



(5.16) 



E 



|iifcxl'"(t) - iifcxl'"(s)r < C5(e)'|t - 



Hence, by virtue of the Kolmogorov-Delporte criterion [S], i?fcX^'"(t) has a continuous 
modification in t. Henceforth we denote such continuous modification by the same symbol 
RkX^^^it). 

Now, for any positive integer n, set 



2" 

E 



2" 



Then, since T„ < Tn+i, it is easy to see from (j5.16p that 

2" 



E 



lim T„ 



lim E 

n— »oo 



E 



RkX^iTT 



7 \^ 2" 



< 



lim 



2" 



J-1 



1/2 



< lim ^^05(6) 



2" 



J-l 

2" 



< C5(e), 
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which imphes that 



hm T„ < oo /i-almost everywhere. 



Since RkX^'^°'{t) is continuous in t almost surely, this implies that RkX^''^{t) is of bounded 
variation for all x G B' C B with ^{B') = 1. Therefore the Lebesgue-Stieltjes integral 



1 rU 



(5.17) 



JQ JO 



diAo + Rkx'){ti)diAo + Rkx'){t2) ■ ■ ■ d{Ao + Rkx')itr 



is well-defined for all x B' C B with ii{B') = 1. According to (j4.3p and (j4.4p . we then 
define the stochastic holonomy given by R^x to be 



W'/{Rkx) 



(fETT]) for X G B', 



for X G S \ S', 

oo 

W^^{Rkx) = I + Y,W'/{Rkx), 



r=l 



and the associated Wilson line by 



F%^[Rkx) = WTvR^W^^^{Rkx). 
i=i 

The well-definedness of W^{Rkx) can be seen as follows. First we note that 
(5.18) 



E 



1 rU 



JQ JO 



d{A^' + i?fcx^'"i)(ti) • • • d{A^^ + i?fcx^'°'-)(ir 



2g 



< E 



lim 

ni,...,nr— >oo 



si=0 



Sr=0 



2q 



2"i-l 2"'"-l 



< hm y ... y 

ni,...,nr— >oo 1 



Sl=0 Sr=0 



\A^^[s,]+RkX'^''^-[Sr 



2q 



l/2q' 



2q 



On the other hand, it is easy to see from ()5.16p together with Lemma [H that 



E 



for any positive integer m, so that ()5.18p is dominated by 



Jo Jo 



tr-1 \ 2? 

dtidt2 ■ ■ ■ dtr 
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This, together with Lebesgue's convergence theorem, then yields that 
(5.19) 



E 



1 rti 



Jo Jo 



hm E 

ni,...,nr-^oo 



2q 



2"i-l 



Sr=0 



2q 



which assures that the above estimates obtained for ^x) in (jS.lOp through (|5.14p 

also hold for W^{Rkx) without essential change. In consequence, we obtain 



(5.20) 



E 



\w;iRkx) 



\2q 



< OO, 



showing that W^{Rkx) is well-defined for each x G B. 

Step 4. Furthermore, since R'l^ j^C^{t)'^ Ea converges to R^C^{t)°' ^ Ea 'm H as 
n — > cxD for 1/ = 1,2, it also follows from Lebesgue's convergence theorem that 



(5.21) 



lim E 



\W'jRn,kX)-W'jRkX) 



\2q 



0. 



Indeed, as in the estimation in (j5.10p it holds that 



E 



H^^^(i?„,fcX)-T^^(i?fcX)| 



2q 



/CO r 

SEE E 



E 



= m=0 l<«i</2<---<Zm<r-, «l,«2v,"r = l 
Vx,Vi,...,Vm^{\,2\ 



where for brevity we write 

D^^-^{Rl^^x,Rlx\ 

\Af(t^)...t""dRl^xT'{t,,)- 
Jo 

\Al^(t^)...t'" dRl^xT'\K\ 
Jo 

Also, setting 



D^''" ^jX, i?^ 



x\ 



2q 



1 l/2g^ 



2q 



Jo 

dRl-xT'-{tiJ--- / dA'^,^{tr 
Jo 



Bj=l dA^^it,)---! ' dRl'xr''{ti,)---l ^ d{Rl,xT\%)-R''t:xT''{ti,)] 
10 Jo Jo 

dR^Jx'r-itlJ--- dA^^itr), 

Jo 



we obtain, by the same reasoning as in Lemma [3l that 



(5.22) 



E 



D^'^[R';^^,x,Rl, 



2q 



l/2q 



< 



\2q 



l/2q 



28 



Itaru Mitoma and Seiki Nishikawa 



On the other hand, by an argument similar to that in obtaining (15. lip , we see that 
each term of the right side of (j5.22p is dominated by 



2"i--l 2"'"-l 



ni 



hm V ••• V ^ 

.....nr— >oo ^— ' ^— ' 



Sl=0 Sr=0 



2q 



l/2q 



where it also holds as in ()5.12p that 
E 



(5.23) 



kp ^ ' ' h 



f ^ 

h 



Hence, by the same reasoning as in ()5.13p . we obtain that 



E 



B, 



|2<? 



l/2q 



(5.24) 



< C2(^o) 



™ ^ I 29™(gm)! J 



ni,...,nr— >oo 



Sl=0 Sr = 



<C4(^0)M2 



m / r 



A;p y r! 



Since each R^f,C^{t)°' ® E^ converges to R^C^{t)"' ® E^ m. H as n ^ oo, it follows 
from the first identities in (I5.12|) and (I5.23P combined with Lemma [H that 



lim E 

n—*oo 



2q 



0. 



This, together with the estimates (I5.23P and (I5.24|) with the bound independent of n, then 
yields by Lebesgue's convergence theorem that 



2"i~l 2"'--l 



C2{Ao 



lim V ••• V E 

....nr.— >oo ^— ' ^— ' 



Si=0 Sr=0 



Kk^T'' [si,] - 1^^'' [%]\ ■ ■ ■ KjxT'- [sij\ ■ ■ ■ - 4 



l/2q 



0, 



so that 



lim E 

n^oo 



2q 



l/2q 



0. 
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Also, noting that it holds 
for u,v > 0, we have 



{u + vr < 2™(u™ + t;") 



E 



2q 



-,1/29 



<2\ E 



(5.25) 



'dA^,^{t,).--r'~'dR:],xT'Hth) 
^0 



Jo 



2q 



l/2q 



+ E 



dRl-x^^-itiJ^ 





2q- 




dA'^' itr) 




1/29 


Jo 







Recalling that the estimates in ()5.10p through ()5.14p are valid for both Rn,kX and RkX, 
and the bounds in the estimates (j5.12p and (|5.14p are independent of n, it follows from 
()5.25p and Lebesgue's convergence theorem that 



00 r 



EE E 



, r = m=0 l<li<l.2< — <lm.<T, Ol,02v,"r = l 
Vl,U2,...,Vm&{l,2} 



2q 



l/2q' 



2q 



0. 



Hence we obtain ()5.2ip . 

As a result, we see that Tr^^^. Wi^{Rn^kx) converges to Tr/j^. W^{Rkx) in L^{B, R; n) as 
n — > 00. This combined with ()5.7p and ()5.20p then verifies that 

limsup / FX^,{Rn,kx) fi{dx) = / FX^,{Rkx) fJ.{dx). 

n^oo Jb Jb 



Step 5. Finally, taking into account of ()5.3p . we note that the following integrability 
can be proved in a manner similar to that in obtaining the estimates described above. 
Namely, we have 



Lemma 5. For any positive integer N , 



E 



m=N 



0(A:~^/2), 



where 0{k-^/^) 



means 



hm A;^/2 0(A:-^/2) 

A: —♦00 



< 00. 
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Then Lemma [5] and the fact that 

/ FAQ{Rkx)ii{dx) = ^ / F^^{Rkx)fi{dx) + / F^^{Rkx)fi{d. 



m=N 



complete the rest of the proof of Theorem 1. 



□ 



6 Example 

As an appHcation of Theorem [H we now calculate the Wilson line integral of two closed 
oriented loops 71 and 72 in 3-sphere 5^. 

To this end, let G = SU{2) and consider its canonical representation R. We denote 
by {Ea}, 1 < a < 3, an orthonormal basis of the Lie algebra g = su(2) with respect to 
the inner product [X^Y) = — TrXy for X, y G g. For simplicity, we also assume for the 
e-regularized Wilson line ()4.4|) that j4o = 0, and write 

2 

Step 1. Recalling (14. 3p . we begin with the evaluation of 

" 2 

(6.1) E J{TrRW'^f{Rkx) 

-i=i 

Writing briefly 

{Rkx, C'.^{tr ® E^) by {Rkx'^){t), 

we see that (16. 1|) is equal to 
(6.2) 

E [ T¥r W'^-^{Rkx) ® W'^^^iRkx)] 
3 

= ^ T^Ea^Ea2® Ei^^Eji^ 



oi,"2,/3i,/32=l 



■E 



d{Rux^l){h)d{Rkx'^l){t2) Cr d(i?fcX^i)(ri)d(i?fcxg)(T2) 
oJo JoJo 



Then, by changing the order of taking sum and expectation, in a similar manner as in the 

proof of (j5.19p , we obtain 

(6.3) 

/ d{RkX^l){h)d{RkX^'J{t2) [ r d{RkX^l)iTl)d{RkX^l){T2) 

10 Jo Jo Jo 



E 



ni — l 712 — 1 mi — 1 m,2 — 1 

E E E E 



lim 

ni,n2— ►oo 

mi,m2-»oo si=0s2(si)=0 si=0 S2(si)=0 



E 



{R,x^l){tl^^') - {R,x^l){tl^))({R,x^l){t: 



.s2(sl)+l^ 



Asymptotic Expansion of the Chern-Sinions Integral 



Here we set for i = 1,2, 



t 



Si(si-l) 



and 



Siisi-l) 



if Si(si_i) = 0, 



if = 0, 



where Sj(si_i) are non-negative integers and we use the convention such that si(so) 
so(s-i) = 1 and = = 1. 
Writing for brevity 



if i<2, 

we see from Lemma H] that the right side of (I6.3p is equal to 

2"i_l 2"2_l 2™!-! 2'"2-l ^ 
1™ 2^ 5^ ^ ^[jV(1)JV(2)]^[J<x{3)JV{4)] 



ni ,n2— >oo 

mi,m2^oo si=0 S2(si)=0 si=0 S2{si)=0 



2"i-l 2"2-l 2'"i-l 2^2 -1 

n,,L™oo Z Z Z Z Z ^[•?'i^-(1)+2]^[.?'2JV(2)+2] +rself 
mi;m2^oo s^=o S2(si)=0 si=0 S2{sx)=0 a&&2 

2"i-l 2"2-l 2'"i-l 2^2-1 



E E E E E 



hm 

rti,n,2— >oo 

mi,m2^oo s-^=o S2{si)=0 si=0 S2(si)=0 (TeS2 



E 



X E 



^S2(si) + l- 
/3<t(2)W Scr(2)(s<T(2)-l) + l 



(^^^72* ') ('^o-(2) ; V-"'fe-^72 AV(2) 

where Tgeif stands for the collection of self-linking terms containing 
E 



or 



E 



Rkx'-.lWn - {Rkx^l)it[)) [{Rkx^!){ti+') - {Rkx^'jit^) 

RkX^,l){T[+') - {RkX^^Diri)) ({R,x^^l){r^+') - (i?fcxg)(r^ 



Since RkX?^. (t) and RkXy^ (t) are independent if a / /3, we then have 



E 
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X E 



^a2\ /^«2(si)+l^ 



p /3<t(2)W S<t(2)(s<t(2)-i) + 1\ /p /3<T(2)\ / «<t(2)(«<t(2)-i) 
rtfcX^2 ; V ct(2) / \^k-l^l2 ) V o-(2) 



p /3<t(2)W '5<7(2)(s£r(2)-l) + l\ _ /p /3<t(2)W '5,7(2) ('5,7(2) -l)^ 
A (t(2) I \^k-i-^2 A (t(2) ; 



X S 



Furthermore, since Rkx'^- (t) and RkX^i (t) are identically distributed if a 7^ /3, we obtain 



(6.4) 



^ = I" r ^ di^[(i?,:,-i)(t,)(i?,:,^i)(r,(^))] 

.70 Jo Jo Jo ^gg^ 



■ dE[{RkX^;i)it2){Rkx^;i)iT^^2))] 



+ Tself 

-1 /■! /-n 



/ /Y r E '^^[(^Ki)(*i)(^fc<2)(Mi))] 

Jo Jo Jo Jo ^gg^ 



•d^[(i?fcX^J(i2)(i?fcX°)(r,(2))] 



+ Tself. 



Consequently, ()6.2p . ()6.3p and ()6.4p yield for each a = 1, 2, 3 that 
(6.5) 

3 



E 



UTiRW^fiRkx) 
'1 r^i /■! /-n 



Tr E Ea-i Ea2 ® -£"01 -Eqj 



/ / 7 Te ^^[(^'^<)(*i)(^^42)(Mi))]^^[(^fc<)(*2)(^-fc<)(M^ 

Jo Jo Jo Jo 



+ Tself. 
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Now, noting that 
"1 /-n 



= [ [ dE[{Rkx'^^){ti){Rkxl){n)]dE[{Rkx'^^){t2){Rkxl){r2)] 
Jo Jo 



and 



dE[{RkX^^){ti){RkX^^){Ti)]dE[{Rkx'^^){t2){Rkxl){T2)] 




10 JO JO JO 

-1 ph pi pi 



/ / 7 / dE[{Rkx'^J{ti){Rkxl){T2)]dE[{RkX^J{t2){RkX^^)in)], 
Jo Jo Jo Jo 



we see from ()6.5p that 

2 



llTiRW^fiRkx) 

1 rl rl 



^Jolololo ^^[(^^0(*l)(^'^<2)(^l)]'^^[(^'tO(*2)(^fcX:^J(r2) 



+ ^sclf 

/ 3 \ 2 

2! 



Tr ( ^ ) ^E[{RkX^^){l){Rkxl){l)]^ + T,,if. 



\ ai=l 

On the other hand, it follows from (13. Sp . (14. ip and ()5.5p that 

£;[(i?fcx:^J(i)(iifcx^;j(i)] 

iifc(q^(ir®i?«, 0), + 0) 
L=^((c;(ir0i?„,o), Qoi(q^(ir®i?„, 0))^ 



1 



where 

a;2 = 1-form part of QQ^C^^i^), 0). 

Recall that, as seen in Proposition [3l *C^^{1)'^ is a representative of the compact 
Poincare dual of 72 extended by zero to all of S^, and the second de Rham cohomology 
^Dni'^^) ~ {0}' ^^^^ have cia;2 = *C^^{1)°', since *C^2(1)° is closed and exact. 
Hence, for each a = 1, 2, 3, 

(q,(ir,^2") 
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yields the linking number L(7i, 72) of loops 71 and 72, provided that e is sufficiently small 
so that the e-tubular neighborhoods of jj are not intersected (see [6] for details). Also, by 
investigating deformed Wilson loops, it has been proved by Hahn [Tl] that Tgeif = for 
non-self-intersected links. 

Step 2. We proceed to evaluate m-th order coefficients of the expansion, that is, 
(6.6) E [ Ttr W^'^^ (Rkx) Ttr W'^'^^ {Rkx)] , 

where m = mi + 1712- Note that if m is odd, then (j6.6p is equal to zero. Even if m is 
even, when mi ^ m2, the term (|6.6|) belongs to Ts^u, where Tsdf denotes the collection of 
self-linking terms containing the limits of 



or 



E 



E 



Rkx^l){t[^') - {R,x^l){t[))i{R,x^-J{4+') - (i2fc<^)(4' 



as It'-'*'"'^ — t' l, \t\i'^^ — r-', I — > 0. Hence it suffices to evaluate the case with mi = m2. 



Consequently, (16. 6p is equal to 

E [ W:;^- {Rkx) ® M^^f 2 {Rux)] 
3 3 

= X] Tr Ea^Ea2 ■ ■ ■ Ea^^ (gi Ep^Ep^ ■ ■ ■ Efj^^ 

ai,a2v,"mi=l /3l,/32,...,Ani=l 



(6.7) 



X E 



1 rti 



JO 



Jo Jo 



d{RkX^l){ti)d{RkX^^J{t2)--- 

■ d{RkXj^'' ) {tmi)d{RkX^l){Ti)d{Rkx'^^){T2) ■ ■ ■ d{RkX^2^ ) {Tm^] 



Then writing for brevity 



{Rkx^l){ti 



if i < mi, 



{RkXyl '"^){Ti_rm) if i>mi, 
we obtain, in a manner similar to the derivation of (16.31). that 



E 



1 rh 



JO 



JO JO 



(6.^ 



d{Rkx'^l){ti)d{RkX^f){t2)--- 
■ d{Rkx'^r){tn.^)d{RkX^^l){Ti)d{RkX^^l){T2) ■ ■ ■ (i(i?fc4r) (r^, ) 



/'/" 

/o JO 



tmi-1 f-l f-Tl 

JO JO 



mil 2' 



{2)J 



•f^^[jV(3)J<x(4)] ■■■dE[j 



(m)\- 
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Since in the right side of (16. 8p those terms having a{i — 1) and a{i) both in {1, 2, . . . , mi} 
or {mi + 1, mi + 2, . . . , belong to T^cu, it fohows that 



»=// •••/ // •••/ 5Z di^[jlj™i+a(l)]di?[j2Jmi+a(2)] 

JO JO JO JO JO JO 

■■■dE [j mj mi+u{rm)\ + ^self 

= //•••/ //•••/ d^;[(i?,<^)(ti)(i?,x?r^')(r,(i))] 
JO JO JO JO JO JO 

+ Tseli- 

Again, since (i?fca;"J(ti) and (iJ^ j;^^ ) (ti ) are independent and identically distributed if 
a ^ (3, we have 

E[{Rkx'^i){tj){RkX^,^,^^')iT^^j))]=5o.^p^^^^^^^^ 
= [ {R,x^^ ) (t, ) (iJfcx;;, ) (r.(,) )] 

from which we see that the right side of (|6.8|) is equal to 
(6.9) 

//•••/ //•••/ E n^"./5.u)^^[(^'^o(*i)(^'^<j(Mi))] 

Jo JO JO JO JO JO 

+ Tself. 



It then follows from ([621), dlS]) and ([63]) that 
(6.10) 

E [ TvR W:^^^ (Rkx) TvR W;;;^'' (Rkx)] 

3 

= X] Tr EaiEa2 ■ ■ ■ Ea^^ (g) EaiEa2 ■ ■ ■ Ea^^ 

Ol,02v:"mi=l 

/ // •••/ dE[{R,x^J{ti){R,x^^){r^^,))] 

JO JO JO JO JO 



■ dE [ {Rkx^^ ) (t2 ) {Rkxl ){M2))] ---dEl {RkX^^ ) {tm, ) {Rkxl ) (t,(™, ) )] 

+ Tself- 



Now, noting that 

/■I f-Tl rTmi-1 

Jo JO JO 



di?[(i?fcX^;J(ti)(i?fcX°)(T.(i))] 
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■ dE [i?,x^^ ) {t2) {Rkx% ) (r,(2) )]---dE[{RkX^^) (t^, ) {RkX% ) (r,(^, ) )] 

= ['['■■■[' dE[{RkX^^){ti){Rkxl){n)]dE[ ) (t2 ) {RkX^ ) (t2 )] 

JO Jo Jo 

■ ■ ■ dE[{RkX^J{tm,)iRkXl){T„,,)], 

and for any a G 

/ / ••• / //•••/ dE[Rkxl){h){Rkx'^^){n)] 
Jo Jo Jo Jo Jo Jo 

■ dE [ (ijfcx- ) (is) {Rkx^,) (t2)] ■■■dE [RkX^^){tm, ) ) (r^, )] 

= //•••/ //•••/ di^[i?fcx^j(Mi))(i?.x^;j(Ti)] 

JO JO JO JO JO JO 

• dE[{RkX^^){t^^2)){Rkxl) (t2)] • • • dE[{RkX^^){t,^„,^)){Rkxl) (t„J] , 

we find from (6.10) that for each a = 1,2, 3, 

E [ Trn W^i""' (Rkx) Trn VF^^f ^ (Rkx)] 
/ 3 \™i ^ 

\qi=1 / 

X / / •••/ //•••/ E 

• di? [ ) (t,(2) ) (iJfcX^, ) (ra)] • • • di? [ ) ) ) (r^, )] 

+ Tsclf 



/ 3 ^ 
\ai=l / 



JO JO JO JO 




mi , 



mi 



/ 3 \-i 

= Tr ^ E^,®E^, — i5;[(i?fcX^J(l)(i2fcX^J(l)]'"^ +rseif. 

\ai=l / 

Summing up the above argument together with Lebesgue's convergence theorem guar- 
anteed by an estimate similar to that in the proof of (2) of Lemma [H we finally obtain 



2 

Ics{F^) = E[F^{Rkx)\ =E 



\{TYRW'^^{Rkx) 
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(Trlf + ^Trl ^« J [(ii^x^J (1) (i^^x^J (1) 

n=l \ai=l / 



Step 3. Now, noting that an orthonormal basis of su(2) is given by 



V2 





-a/^ 



V2 



-1 

1 



V2 









so that 



-1 ■ 

10 

10 

-1 





"0 








1 


1 








-1 





2 





-1 










1 














" 








-1 


1 








-1 





2 





-1 










-1 












we have 



3 1 
^ E^^ ®E^^ = - 



ai=l 



-1 ■ 

1-20 
0-210 

-1 



Since the eigenvalues of 2 ^ E^^ ® E^^ are —1,-1,-1,3, we obtain 



IV ( Y^E^,® E^, 

\q;i=1 / 

Consequently, we have 



(-l)" + (-lf + (-l)" + 3" 



n=l \ai=l / 



(-l)" + (-l)" + (-l)" + 3" 1 



n=l 

oo 



^71, 72) +rseif 



n=l 



where 



-^(71)72) = the linking number of loops 71 and 72. 
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